L. Vandenberghe 2/12/02
EE103

Midterm Solutions
Problem 1. (20 points)

Suppose you are asked to find a quadratic function

f(ula’lm):[ul U?Hpu pm][ullJr[ql QQ}[U1‘|+T

P12 P22 U2

that satisfies the following six conditions:

f(0,1)=6, f(1,0)=6, f(1,1)=3, f(-1,-1)=7, f(1,2)=2, f(2,1)=6.

The variables in the problem are the parameters py1, p12, P22, q1, ¢2 and 7.

Show that you can determine pi1, pi2, P22, q1, ¢2, and r by solving a set of linear equations
Ax = b. State clearly what A, z, and b are. You do not have to solve the equations, or show
that they are solvable.

SOLUTION. We can write f(uy,us) as
f(ur,u2) = uf pi1 + 2uqs pro + U3 pao + urqr + uago + 7

For given u; and us, this is a linear function of py1, p12, P22, q1, g2, r- For example, f(0,1) =6
means

P22 + q2 +1 =6.

We therefore obtain the following set of equations:
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Problem 2. (20 points)

1. For what values of aq, as, ..., a, is the n X n-matrix

[ a; 1 0 --- 0 0]

a 01 --- 0 0

. ) L .

Ap—o 0 0 - 10

Ap—1 0 0 - 1
| a, 0 0 0 0|

nonsingular?

2. Assuming A is nonsingular, how many floating-point operations (flops) do you need to
solve Ax = b?

3. Assuming A is nonsingular, what is the inverse A~'? (In other words, express the
elements of A™! in terms of ay, as, ..., a,.)

SOLUTION.

1. a, # 0. We can derive this from the definition of nonsingular matrices: A is nonsingular
if and only if Az = 0 implies z = 0.

Az = 0 means

To = —Qa121
Trs = —Qa1
Tn = —Qp—1T1
ap,ry = 0.
If a,, # 0, then from the last equation, x1 = 0, hence also zo = 23 =--- =z, =0, i.e.,
x =0, so A is nonsingular.
If a,, = 0, then we can take z1 = 1, 19 = —ay1, r3 = —as, etc., and obtain a nonzero x

with Ax = 0. Therefore A is singular.

2. If we put the last equation first we obtain

anTy = bn

a1r1 + T2 = bl

asxr1 +x3 = bg
Ap-1T1 + Ty = bn—l-



We can solve these equations by forward substitution:

rr = bn/an

Ty = by —aix;

T3 = b2 — A2

Tn = bn—l — Qp—1T1,

which takes 2n — 1 flops.

3. We can find A~! by solving AX = I column by column using the method of part 2:

00 0 0 1/an

1 00 0 —ai/a,
. 010 0 —asg/a,
AT =10 01 0 —as/an

1000 -+ 1 —ap/ay, |




Problem 3. (20 points)

Give the matrix norm || A|| of each of the following matrices A. Explain your answers.

11
1 -1
oa-[t ]
(11 0
3.A=111 0
|0 0 —3/2
1 -1 0
4. A=|1 1 0
0 0 —3/2
SOLUTION.
1. Al = 2.

We have Az = (21 + 9, 71 + 72) and ||Az| = v2|z1 + 22|. From the identity o’z =
lla|| ||| cos Z(a,x) with a = (1,1), we know that

|z1 + 29| < V2 Va2 + a3

with equality if z; = x5. Therefore,

A
|A| = maXM _ max\@m —9

20 |zl w0 T a2y 42
2. ||A| = V2.

Ax = (z1 — 29,71 + 22) and ||Az| = \/(asl —29)? + (11 +12)% = \/2(35% +23).

Therefore
| Az| v 20t + 23)
|Al| = max = max Y———"- = /2.
ST T
3. 4| = 2.

Az = (21 + 72,21 + 22, —(3/2)x3) and [|Az|| = /2wy + 22)2 + (9/4)a3.

From part 1 we know that

2(wy + 19)? + (9/4)22 < 42? + 4wk + (9/4) 73



with equality if 1 = z5. This allows us to derive the norm in the same way as for a
diagonal matrix with diagonal elements (2,2, 3/2):

A
41 = max 122
A0 |||
\/4x% + 4x3 + (9/4)x3
< max
O ot +ad 4 a3
\/4x%+4x%+4x§
< max

- 20 \/x% + x% —I—x%

= 2.

This shows that ||A]] < 2. Moreover we have [|Az|/||z| = 2 for z = (1,1,0), so
[A]l = 2.

4 ||Al| = 3/2.
Ax = (11 — To, 11 + X9, —(3/2)x3) and ||Azx|| = \/2:16% + 223 + (9/4)23.

The derivation is the same as for a diagonal matrix with diagonal elements (v/2, v/2, 3/2):

| Ax||
w20 ||z
V223 + 223 + (9/4)23
= max
z#0 23+ 23 + 23
VO/D23 + (9/4)a3 + (9/4)23
< max

z#0 23+ 23 + 23

— 3/2.

1A]]

This shows that ||A|| < 3/2. Moreover we have [|Az||/||z| = 3/2 for x = (0,0,1), so
IA[l = 3/2.



Problem 4. (20 points)

You are given a nonsingular n x n-matrix A and an n-vector b. You are asked to evaluate

r=T+A" 4+ A2+ A7)0

where A™2 = (A?)7! and A3 = (A3~

Describe in detail how you would compute x, and give the flop counts of the different steps
in your algorithm. If you know several methods, you should give the most efficient one (least
number of flops for large n).

SOLUTION.

1.

2.

4.

d.

LU-factorization A = PLU ((2/3)n® flops).
Calculate y = A~1b by solving PLUy = b:

(a) Calculate v = PTb (0 flops, because PTb is a permutation of b)
(b) Solve Lw = v by forward substitution (n? flops)
(c) Solve Uy = w by backward substitution (n? flops)

Calculate v = A™2b = A~y by solving PLUv = y (2n?)
Calculate w = A™3b = Al by solving PLUw = v (2n?)

r=b+y+v+w (3n).

Total: (2/3)n? 4 6n? + 3n.



Problem 5. (20 points)

You are given the Cholesky factorization A = LL” of a positive definite n x n-matrix A, and
a vector u € R".

1. What is the Cholesky factorization of the (n + 1) x (n + 1)-matrix
A u
= ?
B [ 4 ] .
You can assume that B is positive definite.

2. What is the cost of computing the Cholesky factorization of B, if the factorization of
A (i.e., the matrix L) is given?

3. Suppose ||[L7|| < 1. Show that B is positive definite for all u with [ul| < 1.

SOLUTION.
1. We need to find L;; € R™™, Ly, € R, Ly, € R such that

UT ]_ L21 L22 0 L22 ’

Moreover Li; must be lower triangular with positive diagonal elements, and Loy > 0.
This gives the following conditions:

A=Lu LY, w=LyLY, 1=LyLY +12,.

The first equation states that L;; must be the Cholesky factor of A, which is given:
Ly, = L. The second condition allows us to compute Lo;:

LY = L™ 'u.
The last condition gives Los:
Loy = /1 = Loy L, = 1 =T L-TL1u = \/1 — uTA-1u.
Putting everything together, we obtain the Cholesky factorization of B:

B L 0 LT L~
WL V1 —WTLTL 0 V1—uTLTL 'y |’

2. n? flops.

We are given L, so we only need to compute Lo and Lgs. We can compute L~ u by
solving the set of equations Lz = u, which takes n? flops because L is lower triangular.
Computing v1 —uTL-TL-'u = /1 — 27z takes roughly 2n flops, so the total cost is
about n?.

3. Suppose ||[L7'] < 1 and |Ju| < 1. Tt follows from one the properties of the matrix
norm (|| Az|| < [|A[} [[z[]) that

ut L70L 7 = (| Ll < L2 lulf* < 1.

Therefore the Cholesky factorization of B exists, i.e., B is positive definite.



