Midterm Solutions

1. Consider the system described by the following input-output relation:

(a)

t
y(t) :/ e~ g (0)do, —oo <t < 0.
t—1

Compute the impulse response h(t,T).
Setting z(t) = 6(t — 7), then we have

t
h(t,T) = / oe”5(0 — 7)do
¢

-1

_ /OO Ulo —t + U (t — 0)oe 6(0 — 7)do

[e.o]

=U(r—t+ 1)Ut —71)re 7.

Is the system linear? Is it causal? Is it time-invariant? Explain briefly each of
your answers.

The system is linear (easy to prove by replacing x(¢) with a linear combination
of signals). It is causal because h(t,7) = 0 for ¢t < 7. It is time-varying, because
h(t,T) is not a function of (t — 7).

What is the output of the system to x(t) = 0(t)?
T[6(t)] = h(t,0) = 0.

What is the output of the system to z(t) = U(t)?

Since

then we have

1. When t <0, y(t) = 0.
2. When 0 <t < 1, the integral becomes

t t
y(t) = / oe”"do = et/ oe?do = et [oe” — e\ =t —1+e".
0 0
3. When t > 1, the integral turns into

t t
y(t) = / oo 7)do = / oe’do = ™ [oe” —e7 ]|,
¢ t—1

-1
= (1-eNt+2e" -1
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2. Consider the system S; described by the input-output relation:

t
S:oylt) = / ox(o)do, —oo <t < 0.

—0o0

The impulse response of system Sy, hs(t) is given by

ho(t) = Ut —1) —U(t—2), —oo <t < oo.

Also, consider the two following serial configurations:

(a)

—>—>—>
—>—>—>

Compute the impulse response of system Sy, hy(t, 7).
Setting z(t) = 6(t — 7), then we have

ha(t,7) = /00 Ut —o)od(c —T1)do =U(t —7)T.

[e.o]

Is 8y linear? Is it causal? Is it time-invariant? Briefly justify your answers.
The system is linear (prove it by replacing z(¢) with a linear combination of
signals). It is causal, because hi(t,7) = 0 for t < 7. It is time-varying, because
hi(t,7) is not a function of (t — 7).

Is Ss linear? Is it causal? Is it time-invariant? Briefly justify your answers.
The system is linear (defined through an impulse response), causal (hy(t) = 0 for
t < 0) and time-invariant (the impulse response has only one argument).

Compute the impulse responses of systems Sy 2 and Sa 1, i.e., h1o(t, ) and respec-
tively ho1(t, 7).
We'll use hao(t, 7) = ho(t — 7), and then

hio(t, ) = / o(t,0)hy (o, T)do

t—oc—-1)=U(t—0—-2)|7U(c — 7)do

TU( t—a—l)U(J—T)dJ—/ TU({t —0o—2)U(c —7)do

o0 —0o0

:(7/ ) Ut—1—7)— (T/Tt_2d0>U(t—2—7')

:T(t—l—T)U(t—l—T)—T(t—Q—T)U(t—2—T)

when t — 7 < 1,
= t—1—7' when 1 <t —17 <2,

[
i

when t — 7 > 2.
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Similarly, we have

hoi(t,T) = /OO hi(t,o)ha(o, T)do

_ /iaU(t—a)[U(o—T—1)—U(J—T—2)]da
/_Oo N

UU(t—O)U(U—T—l)dJ—/ oU(t —o)U(o — 1 — 2)do

[e.9] —0o0

¢ ¢
:(/ O'dO')U(t—T—l)—(/ JdU)U(t—T—Q)
T+1 T+2
1 1
:§[t2—(7+1)2]U(t—7’—1)—§[t2—(7+2)2]U<t—7’—2)
0, when t — 7 < 1,
- %[tz—(T—i—l)Q], when 1 <t —17 <2,
T—I—%, when ¢t — 7 > 2.

(e) Are hyo(t,7) and ho(t, ) different, and if so why?
They are different. The reason is that & is time-varying and so are S; 2 and Sz 1.

(f) Compute Hs(s), the Laplace transform of hy(t), and find its region of convergence.

Hs(s) = /12 e Stdt = (7% — e %) /s.

To show that the region of convergence is the whole complex plane, consider

2
HQ(O):/ dt =1,
1

which implies that s = 0 is NOT a pole of Hy(s).

. Compute the Laplace transform and corresponding region of convergence of the follow-
ing functions. You are strongly advised to use the properties and the table of known
Laplace transform pairs as much as possible.

(a) f(t)=tU(t—2).
ft) =@t —-2)U(t —2)+2U(t — 2), therefore

d1 1 1 2
_ _—2s o - —2s — — —2s =
F(s)=e < —d88)+2e S =¢ (—82—0—8).

ROC is ®{s} > 0.
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1

Jacos(t —o)do.
I g(o)h(t—o)do = g(t)=h(t), where g(t) = tU(t) and h(t) = U(t) cos(t).
% and H(s) = = therefore F(s) = G(s)H(s)

zr7y- The ROC is R{s} > 1.

/s = S(—1211D)
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S S
(s—1)2+1

The ROC is

and F(s) =



