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1. Signal and System Properties + Convolution (35 points).

(a) (15 points) Determine if each of the following statements is true or false. Briefly explain
your answer to receive full credit.

i.

ii.

iii.

(5 points) x(t) = cos (V/3t) + sin(—3t) is a periodic signal.

Solution: False.
cos(v/3t) has a period Ty = 2

3

V3
sin(—3t) has a period Ty = ‘3—7;‘ = %”

Then the ratio

Ty 3 V3
_— = — = 3
T, /3

is not rational. In other words, we couldn’t find integers m and n such that
T = mT) = nTy. Therefore, x(t) is not periodic.

(5 points) A signal can be neither energy signal nor power signal.

Solution: True.

Example 1: z(t) = e'u(t) has infinite energy and infinite power.

Example 2: z(t) = tan(t) is a periodic signal so it is not energy signal. It also
has infinite power.

(5 points) Let f(¢)*g(t) denote the convolution of two signals, f(t) and g(¢). Then,

F@B(E) * g@)] = [F()d(1)] * 9(t)

Solution: False. The left hand side:
F@6@) xg@)] = f(t)g(t)
While the right hand side is

[F()(8)] * g(t) = [£(0)6(8)] * g(t) = f(0)g(?)



(b)

(10 points) Determine if the following system is an LTI system. Explain your answer.

_ xz(t—1)

; +xz(t —2) (1)

y(t)

Solution:

Linearity: Suppose we have two input signals x(t), z2(t) and output signals y;(t),
y2(t) respectively. If we consider an input signal x3(t) = ax1(t) + bxa(t), then we have
the corresponding output signal:

axi(t — 1) + bxa(t — 1)

ys(t) = . +az(t —2) + bra(t — 2)
(2D a2 (D )
Ca (D o) o (P )

= ay1(t) + bya(t)

Hence, the system is linear.
Time-invariant: Suppose we delay the input signal by tg, i.e. x¢,(t) = x(t — o), the

output is:
z(t—1-— to
Yo (1) = (t) +a(t — 2 —tp)
If we delay the output signal by same amount ¢y, we have:
z(t—1—1
gt —to) = LL210) iy o )
t—to

We can find that y,(t) # y(t — to). Hence, the system is not time-invariant.

(10 points) For signals f(t) and g(t) plotted below, graphically compute the convolution
signal h(t) = f(t)*g(t). To receive partial credit, you may show h(0), h(1/4) and h(5/8)
in the graph when illustrating the convolution using the “flip and drag” technique.

t o f(@)

1 1h g9(t)
e NN
0 1 2

—0 1 T 3

Solution: The graphical convolution using “flip and drag” is illustrated below.

We first flip f(¢), to get f(t — 7), which doesn’t overlap with g(7) until ¢ = 0. From
t =0 to t = 1/4, the overlapped area increases linearly. As f(t —7) shifts further right,
it always overlaps the equivalent of one full lobe of g(7). The overlapped area keeps
constant at 1/4 until ¢ = 2, when the area starts to decrease linearly to zero, at t = 2.5
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2. LTI Systems (20 points).

o~

Consider the following LTI system S:

S
LTI

Consider an input signal x1(t) = e 2'u(t — 2). It is given that

21(t) —— i (t)
dl’l (t) S
dt

—2y,(t) + e 2ult)



(a) (4 points) Show that:
d(l?l(t)

dt

= 221 (t) + e 25(t — 2)

Solution: This is differentiating the input.

d.il:l (t)

- _9 —2t -9 —2t —9
P e “u(t—2)+e o(t—2)

= 221 (t) + e 25(t — 2)
(b) (10 points) Find the impulse response h(t) of S.

Hint: Since we have not provided S, we cannot straightforwardly input an impulse
into the system and measure the output. One approach is to solve for h(t) by writing
the output of S in terms of a convolution when the input is dz1(t)/as, i.e.,

dxl(t)
dt

« h(t)

Solution:
Since the system is LTI, we have:

221 (1) + e 25(t — 2) ——2—— 21 (t) + h(t) * (e 25(t — 2))

Given that

da:1 (t) S
dt

—2y1(t) + e 2tu(t)
we have

—2y1 () + e tu(t)
h(t) x (e7216(t — 2)) = e *tu(t)

[
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The left hand side can be calculated by the convolution integral:
“+o0o “+o0o
/ 2 5(r — Dh(t — 7)dr = / eA5(r — Dh(t — 2)dr

= e th(t —2) /+OO d(r —2)dr

—00

= e h(t—2)

Therefore, we have:



(c) (6 points) Consider a new system, S, whose impulse response is h(t) = e 3u(t + 3).
Find this system’s output to the following input signal:

xa(t) = cos (%t) S(t—1)

Solution: Using the sampling property, we can simply xs(t) as:

x2(t) = cos (%t) o(t—1)= ?5(75 -1)

Then we have

ba(t) = h(t) 5 22(t) = € St +3) x LZ6(— 1) = Loe (e +2)



3. Fourier Series (20 points).

(a) (10 points) Let the Fourier Series coefficients of f(t) be denoted fi, and the Fourier
Series coefficients of g(¢) denoted gi. Let T, be the period of f(t). If g(¢t) = f(a(t —b)),

where a > 0, show that
_iorab L
ge =€ 7Ty

Solution: We begin with the Fourier Series of f(¢), and the substitute a(t — b): for ¢

F6y="Y_ feet!

k=—00
00

g(t) = fla(t—b)) = > frelheort=0)

k=—o00
o

_ Z fkejkwoate—jkwoab

k=—o00

Let wy = aw, be the angular frequency of ¢g(t). We also know that w, = 2T—7Or Then we

can rewrite the above expression as:

00
g(t): Z fkefjkwoabejkwgt

k=—00
)
jkwgt
= > g™,
k=—o00

where ,
_ —i2nk
gr=¢€ " T fi.



(b) (10 points) Let the Fourier Series coefficients of z(¢) and y(t) be z and yj, respectively,
with respective periods T and Tb. We define f(t) = a1x(t) + agy(t) with non-zero
aq, ag, with period T, = m11T7 = moT5. What are the Fourier Series Coefficients fi in
terms of xx and yg?

Solution: Since T, = m111, w1 = miw,. Then:

o0
x(t) = Z zpeikert

k=—oc0
[e9)

_ § : xkejkmlwot
k=—o00

We may introduce a change of variables n = km;i so that we have:

oo
z(t) = Z T _n_elneot

mi
n=-—o00,
n=km1

Likewise, for y(t), using | = kmg, we have:

o0
y(t) E yL

l=—00,
l=kms>

Then:
ft) = arz(t) + agy(t)
oo oo
= E xz n ™0 4y E yieﬂwot
mi mo
n=—0o, l=—00,
n=km I=kmo
(o] oo
= E aqz_n_el™ot g oy 1 ellwot
my mo
n=-—o0, l=—00,
n=km l=kmo
[o.¢]
— § : fkejkwot
k=—00
Therefore,

oa1x k. + asx k , k a multiple of mq and mo

mi m2
f alT k k a multiple of mq but not mso
k= mi
QT k k a multiple of msy but not m;
mg
0, else



4. Fourier Transform (25 points).
Consider the signal
x(t) = sinc(2t)

and let the Fourier transform of z(¢) be denoted X (jw). We are interested in calculating the
area under the curve of z(t).

(a) (10 points) Prove that the following relationship holds.

[ st = X,

—00

Solution: The Fourier transform of z(t) is:

X (jw) = / T a(Bedt

—0o0

Therefore, when w = 0,

X(lory = [ sl

—0o0

_ /_Zx(t)dt

(b) (5 points) Use the result of part (a) to calculate:

/_ Z o(t)dt

for x(t) = sinc(2t).
Solution: From our FT table, we have that
sinc(t) <= rect(w/2m)
Using the time scaling property,
sine(2t) %rect(w/élw)

Therefore, the area is equal to 1/2.
(¢) (5 points) Consider the following system:
y(t) = e 70%a(t)

Let x(t) = sinc(2t) and consider only wg > 0. Are there any values of wy for which

/ Syt =0

—00

9



and if so, what value(s) of wy does this hold for?

Solution: Multiplication by a complex exponential in the time domain is shifting in
the frequency domain by wp. Since sinc(2t) <= irect(w/4m), then X (jw) takes on a
value of 1/2 between —27 and 27 but is zero everywhere else. The integral of y(t) will
be equal to zero when this rect is shifted such that it is zero at w = 0. This occurs for
a shift of 27 or greater. Therefore this integral is zero whenever wy > 2.

(5 points) Consider the following system:
y(t) = x(t) + arect(t)

Let x(t) = sinc(2t). Are there any values of « for which
/ T )t =0
and if so, what value(s) of a does this hold for?
Solution: The Fourier Transform of rect(¢) is sinc(w/27), which is equal to 1 at w = 0.

From part (b), the Fourier transform of sinc(2t) is Srect(w/4r), which is equal to 1/2
at w = 0. Therefore, if @« = —1/2, then Y (jw) =0 at w = 0.

10



Bonus (6 points) Suppose z(t) = cos(wot) is an eigenfunction of an LTI system S for any
wo, and S cannot be defined as S[z(t)] = ax(t) for some constant a. Is the system S causal?
Justify your answer.

Solution: We can write z(t) as z(t) = Y o cpeltol = Jeiwol 4 Le=iwol Then the output
y = Slz(t)] is:

y(t) = Z H (jkw,)cpeltwot

k=—o00

1 - 1 .

= §H(jwo)ew°t + §H(—jwo)6_3wot

In order for y(t) = ax(t) to be satisfied, we need H (jw,) = H(—jw,) to be true for all w,,
and H(jw) is even. This also implies that h(t) is even as well. Since h(t) # 0, h(t) # ad(t),
and Ej > 0, then there exists a value of ¢ for which h(t) # 0 and h(—t) # 0. Therefore, S is
non-causal.
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