Total: 28 points

Signals and Systems

Midterm Exam

Solutions

Problem 1 (12 points)

I. (3 points) Evaluate the following convolutions:
o u(t)*e tu(t),
o u(t)x (u(t—1)—u(t—2)).
II. (9 points) Consider the following three LTT systems:
o Siylt)=["_ a(r)dr
e S;: LTI system with impulse response hy(t) = e~ u(t).
e S3: LTI system with impulse response hs(t) = u(—2t + 2) — u(—2t +4).
The three systems are now interconnected as shown in Figure 1. What is the impulse

response h(t) of the overall LTT system (i.e. from x(t) to z(¢))? Is the overall system
stable? Causal?
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Figure 1: The LTI system in Problem 1

Solution:

I. The convolutions give the following signals:



IT.

o u(t) x e tu(t) = ( st e‘T> u(t) = (1 — etyu(t),
o u(t)*(u(t—1)—u(t—2))=({t—Du(t—1) — (t — 2)u(t — 2).
The first system has the following impulse response: hy(t) = f = u(t).
Moreover the impulse response of the third system can be equwalently written as:
ha(t) = u(—2t +2) —u(—2t +4) =u(—t+1) —u(—t+2) = —(u(t — 1) — u(t — 2)).
Thus the overall impulse response is:
[ha (t) * h2(t) + h2(t)] * hs(t)
[u(t) * (1)) + e tu(t)
—(t— 1)u(t -1+ (t—2)

] * (= (u(t = 1) —u(t - 2)))

u(t — 2)

The overall system is causal since h(t) = 0 for all ¢t < 0. The overall system is not
stable since [ |h(t)|dt = ff(t —1)dt+ [, 1dt which does not converge, thus the system

is unstable.



Problem 2 (8 points)

Figure 2 shows three real signals. All the signals have finite time support, i.e. the signals

are zero at any time not shown in the figure.

(a) Determine which, if any, of the real signals depicted in Figure 2 have Fourier transforms

that satisfy each of the following conditions (and very briefly say why):

—_

1.5 points) Re {X (w)} # 0.
1.5 points) Im {X (w)} # 0.

1.5 points) [~ X (w)dw = 0.

( )
( )
. (1.5 points) There exists a real number such that /* X (w) is real.
( )
(1.5 points) [7° wX(w)dw = 0.

2
3
4.
5

(b) (1 points) Calculate, for the signal in Figure 2 (b) the value of [ cos(2w)X (w)dw.
(Hint: you do not need to calculate X (w)).

Solution:

(a) Since x(t) is real, we have seen in HW.5 that Re {X(w)} is the Fourier transform of
the even component of z(t) and that jZm {X(w)} is the Fourier transform of the odd

component of x(t).

1. Re{X(w)} # 0: this means that x(f) has an even component, thus z(f) cannot
be odd. Therefore the possible signals are (a) and (b).

2. Im{X(w)} # 0: this means that x(t) has an odd component, thus z(¢) cannot
be even. Therefore the possible signals are (a), (b) and (c).

3. For €/*“ X (w) to be real, its inverse Fourier transform should be even, i.e., z(t+a)
should be even. For the signals in (a) and (c), any shift will not make this signal
even, and therefore there is no a for these signals such that z(t + a) is even. For
the signal in (b), a left shift by 4.75 makes the signal even, thus a possible value
for a is 4.75.
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Figure 2: Problem 2

4. Since s
z(t) = —/ X (w)e™dw
21 J_ o

we can conclude that ) -
z(0) = gy /_OOX(w)dw

Therefore, if ffoooX(w)dw = 0, then z(0) = 0. Signals in (b) and (c) satisfy this

condition.



5. Let y(t) = 28 then Y (w) = jwX (w). Thus,

dt
e
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Moreover,

y(0) = L / " X (W)dw

T o oo
Therefore, if [ wX(w)dw = 0, then y(0) = 0, or dz—gﬂ!t:o = 0. The signals in
(c) and (b) satisfy this condition.

(b) [*° cos(2w) X (w)dw = [ 22 X () dw = 7w (2) + ma(—2) = 0,



Problem 3 (8 points)

Consider a system where the output y(¢) is related to the input x(¢) by the following input-

output equations:
y(t) = z(t)g(t) + z(t —2)g(t + 3).

1. (3 points) If g(t) = d(t), is this system linear? is it time invariant? is it causal?

(explain why)
2. (1 point) If g(¢) =t is this system stable? (explain why)

3. (2 points) If g(t) = 1 and x(t) is periodic with period 77 = 4, show that y(¢) can be
periodic with period 75 = 2. Under what conditions, y(¢) has period Ty = 27

4. (2 points) Under the same assumptions of the previous part (¢(¢) = 1 and the conditions
found for y(t) to be periodic of period 2), what are the Fourier Series coefficients for

y(t), if we are given the Fourier series coefficients for x(t)?
Solution:

1. Linear: The system is linear because the linear combination of any two inputs gives

the same linear combination of the corresponding outputs, i.e.,

n(t) = () = 21 (B)5(E) + a1 (t — 2)5(t +3)
La(t) = ya(t) = 22()0(t) + 2t — 2)0(¢ + 3)

)

Time-invariant: The system is not time-invariant because the system definition con-

tains time-dependent coefficients. This can be proved as follows:

ri(t) = pi(t) = 21 (0)0(t) + x1(f — 2)0(t + 3)
Ta(t) = a1 (t —t1) — yalt) = 2a(t)0(t) + x2(t — 2)d(t + 3)
=x1(t —t1)0(t) + z1(t — t1 — 2)(t + 3)

But yy(t —t1) = x1(t —t1)0(t —t1) + x1(t —t1 — 2)0(t — t1 + 3). Thus yo(t) # y1(t — t1)
which means that y»(t) is not a shifted version of v (¢).

Causal: The system is causal because it depends on the present value of the input.



2. We have
y(t) =ta(t) + (t + 3)x(t — 2)
Let x(t) = 1, which is a bounded input, then y(t) = 2t + 3, since y(t) — oo as t — oo,
y(t) is not a bounded signal, thus the system is not stable.

3. We have y(t) = x(t) + z(t — 2). For y(t) to be periodic with period 75 = 2, we first
have to show y(t) = y(t + 2):

yt+2) =zt +2)+z(t+2—-2) =z(t+2) + x(t)

But z(t + 2) = z(t — 2) because x(t) is periodic with period T' = 4. More specifically,
x(t+2)=x(t+2—4)=2x(t —2). Thus,

y(t +2) = x(t = 2) +2(t) = y(t)

Now to ensure that this is the period, we have to have T, = 2 as the smallest real
positive scalar T' such that y(t) = y(t + T'). This is satisfied under the following

condition:
o z(t —2)+ x(t) # constant signal.

4. y(t) is the sum of two periodic signals of same period, then using the properties of

Fourier series, the Fourier series coefficients of y(t) are given by:
Yk = Xk + e_jQQlka

where €)) = 2T—71r = 7. Thus,

Yk = Xk + e*jZ%ka = Xk + e*j“ka
{ 2Xy, if k is even

0, otherwise

To note that here Y}, corresponds to the scaled frequency k€2;, which can be equivalently

expressed as a scaled version of the frequency of y(t) denoted by Qg = ?F—’; = 20);. Thus,

Y. = 2X}, corresponds to the frequency k€ = kQQ% = gQQ where k is even.



We can also derive this result as follows:

y(t) = =(t) + 2(t = 2)
— Z Xkejﬂlkt + Z Xk@lek(tiZ)
k k

— Z (Xk + e—jQQlk‘th) 6j91kt
k
— Z (Xk + e—jﬂkth) ejQ1kt

k
= Z 2Xk6jﬂlkt

k, even

o k
= Z 2Xk€]%kt, let ¢ = 5

k, even

— § 2X2€ eijQ t
12

The Fourier series coefficients are given by 2.Xs, that corresponds to frequency ¢€2; which is

equivalent to what we obtained previously using the properties.



Problem 4 (5 points)

Write an expression for the following signals and their Fourier transforms. Recall that
f@) =|f()|e7®, where Zf(t) is the phase of f(t).

| £(t)] Zf(1)
n1—1
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Solutions

(a) Since the signal has zero phase, we recognize this as the rectangle function convolved
with two deltas, one at —1 and one at 1, i.e. a rectangle that is shifted to the left by 1
and to the right by 1. We will denote the rectangle function centred at 0 and of width

1 by II(¢), thus we can express this signal as follows:

fa(t) = TI(E) % (01 + 1)
= II(t+1)+1I(t - 1).



|/ (1)] Zf(t)
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The Fourier transform of the rectangle function II(f) is the sinc function sinc (iw).

2

Therefore, using the Fourier transform properties, the Fourier transform of f,(¢) is as

follows:

, 1 , 1
F,(w) = €’ sinc <§w) + 7% sinc (éw)

) 1
= 2sinc (§w> cos(w).

(b) This is the signal in part (a), but now with a linear phase with slope 3:

flt) = (II(t+1)+T0(t —1))e'5"
— fi(t)e'5!

When computing the Fourier transform, we know that a linear phase in the signal

domain corresponds to a shift in the Fourier domain. Since the slope of this linear

phase is positive, this corresponds to shifting the Fourier transform to the right. Thus

we have

Fw) = F(w-13%)

- o (- 5) s o= )

(c) Here we have a purely imaginary signal. Writing it out, we have

fult) = eBI(t+1)+ 210t — 1)
=TIt 1) I — 1)



Thus, the Fourier transform of f.(¢) is as follows:
i 1 i 1
F.(w) = —ie™sinc <§w> + ie” " sinc <§w>
: . 1
= 2sin(w)sinc (ﬁw)



