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CS181 Winter 2012 - Midterm
Wednesday, February 8, 2012

You will have 110 minutes to take this exam.

You are allowed to use any theorem shown in class or in the textbook, as long as you clearly
cite it.

Place your name and UID on every page of your solutions. Please use separate pages for
each question.

There are three questions and an extra credit question, bearing a total of 125 points and 40
extra credit points. You will receive significant partial credit for writing down clearly
expressed correct intuition, even if your answer is incorrect.

\
For each part (except for the extra credit); 20% of the points will be given if your answer is

“I don’t know”. However, if instead of writing “I don’t know” you write things that do not
make any sense, no points will be given.

Skim the entire exam before you begin. Avoid spending too much time on a single
part, so you would be able reach the other parts.

Honor Code Agreement: I understand this exam is open-book and open-notes, but any ma-
terials not used in this course are strictly prohibited. I also understand that this exam is to be
taken individually without any outside help (except possibly from the professor or the TA) within
the time limits set forth. I agree to adhere to the course honor code and if I am unsure of any
rules of the honor code, I will ask for clarification from the professor or the TA.

Question Points
1 10
2 >4 60
3 #, 25
EC S 40
Total F2 125440
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1. Super GNFAs. Recall the definition of a GNFA (page 73 of the textbook). Define a super
GNFA as a further generalization of NFA which has a context-free grammar describing each
transition (instead of a regular expression).

Let G = (V,X, R, S) be any context-free grammar over . Let G be the set of all
context-free grammars over . Define a super generalized nondeterministic finite automaton
as a 5-tuple, (@, X, 8, gstarts Gaccept), Where Q, T, start, Qaccept are the same as a GNFA and,

® 0:(Q — {Qaccept }) X (Q — {gstart}) — G is the transition function.
For each transition a GNFA may take this transition upon consuming some input word
generated by the grammar describing this transition. Formally,

A word w € £~ is said to be accepted by a super GNFA if and only if there exists some
sequence of states (go,q1, 2, - -,q) and some decomposition of w into ¢ strings wy ... w;
where each w; € £* such that,

® §o = Gstart) §t = Gaccept
® for 3.11 1 Si S t, Wy (= L(é‘(q{—l:q'i))

The language accepted by any super GNFA is the set of all words over ©* that are accepted
by it. We only need a precise explanation (and not a formal proof) for both parts below.

(a) (10 pts.) Recall that context-free grammars are closed under union and concatenation.
Show that context-free grammars are also closed under the star operator.

(b) (30 pts.) Show that every super GNFA is equivalent to a super GNFA with only two
states, {Gstart, Gaccept }- Thus super GNFA are equivalent to CFGs.

O )
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2. Hungry PDA. A Hungry PDA is a PDA in which:

e Every transition consumes one input character (note that this means that a hungry

PDA cannot have a transition between states that ignores the input).

e Every transition always pushes or pops a symbol from the stack

e Symbols are popped from the stack only after all pushes have occurred. Thus, the stack

height diagram always looks as shown below:

b

stack height ———»

e

pat
length

e The stack must be empty in order for the hungry PDA to accept.

An appetizing language is one that has a hungry PDA that accepts it.

(a)

(c)
()

(10 pts.) Consider a hungry PDA M, which accepts the string “000111”. Let
(9o, 91,90, G2, 3, G4, ¢3) be the sequence states of the machine when it accepted
“000111”. Also let the stack when the machine was at go be “000”. Given this
information (and only this information) about M, show one other string that must be
accepted by M. Provide an explanation.
(30 pts.) Building on the intuition from the previous part, formally prove the
following pumping lemma for appetizing languages:
If L is an appetizing language then there exists a pumping length p > 0 such that for
all s € L with |s| > p, there exists a partitioning s = uvzyz such that

e for each 1 > 0, uwvizyiz € L,

e [v]|>0and |y| >0, [v] = y].
(Hint: This problem has nothing to do with the pumping lemma for context-free
languages.)

(10 pts.) Show how to modify your proof for part (b) so that in addition to the
properties above, we also have that |vry| < p.

(10 pts.) Using the pumping lemma for appetizing languages above (parts (b) and
(c)), formally prove that the following context-free language is not appetizing:

L={0"%1*" In >0}

_“_jf \. Yy ba

{
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3. Unique, unary, regular languages. A language L is unary if it is defined over a singleton
alphabet. Without loss of generality assume that ¥ = {1}. A regular language L is unique if
it is accepted by some DFA with exactly one accepting state. Prove formally and rigorously
that:

e (25 pts.) For every infinite, unique, unary, reqular language L, 3a > 0 and b > 0
such that L = {1°1% | i >0}. = 9/ |
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4. Extra Credit. This problem will be graded more harshly than the others. Define
a baton passing context-free grammar as a grammar G = (V, X, R, S) in which the set of
rules R may contain any context-free rules (like in CFGs), but in addition, each rule also
specifies a variable which has to be expanded in the next step of the derivation.

For example, let G be,

S — A0, A
A— A0 A
A—1,8

The above is just a context free grammar augumented with an additional non-terminal in
each rule. When a particular rule is applied in a derivation, the next step of the derivation
must expand the non-terminal specified in this rule. For example, when the rule S — A0, A
is applied in a derivation, the next step of the derivation must expand A. We use the
notation (3, A) to represent the fact that 8 has been derived so far and A is the next
non-terminal that must be expanded. Derivations begin at (S,.5). For e.g.,

(S,S) = (A0, A) = (A00, A) = (100, S), is a valid derivation that generates 100.

Formally, the set of rules for a baton passing grammar is a subset of V' x (ZUV)* x V,
where each rule of the form (A, @, B) is to be interpretted as A — a, B. That is, A could be
replaced by « and the next non-terminal that one must expand is B.

Similar to CFGs, we formally say that a tuple (wAy, A) derives (way, B) denoted by
(wAy, A) = (way, B) if (A,a, B) € R. We say that any € £* is in the language generated
by G if and only if (S, S) =* (=, ).

(a) (20 pts.) Show that every context-free language can be generated by a baton passing
grammar.

(b) (20 pts.) Recall that L = {0"1"2" |n > 0} is not a context-free langauge. Show that
there exists a baton passing grammar that generates L.
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