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1. As you know from class, given a graph G with positive integer weights, a start node s,
and a finish node f, you can find the shortest path S from s to f by running Dijkstra’s
algorithm. Let’s assume that it so happens that this shortest path S is unique in G.

e Does this shortest path S from s to f change if you increase every edge by 2 in the
modified graph G’ (i.e. you add weight of 2 to each edge in G to get G'.)? Explain
your answer.[7 pts]

e Does this shortest path S from s to f change if you multiply every edge by 2? in G”'?
(i.e., you multiply each edge by 2 in G to get G”.) Explain your answer. [8 pts]
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' 3. Given a directed lic graph G = (V, E), explain how to find the maximum number of
directed edges that can be added to G so that the modified graph still remains acyclic.
Give an algorithm to find out this number, show its running time and prove correctness
of your algorithm. [15 pts]
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4. You are given n cables of different lengths, find how to connect these cables into one
cable. You can connect only two cables at a time, and the cost to connect two cables into
one cable is equal to sum of their lengths. Show a poly-time algorithm to connect all
cables with minimum total connection cost. Prove correctness (of finding minimum cost
solution) of your algorithm and analyze the running time of your algorithm. [15 pts]
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5. Given arrival and departure times of n trains that reach a railway station, find the min-
imum number of platforms required for the railway station so that no train waits. A
platform can simultaneously service not more than two trains at a time. Give analysis of
your algorithm run time. [15 pts]
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6. Consider the problem of making change for n cents using the fewest number of coins.
Assume that each coin’s value is an integer.

(a) Describe a greedy algorithm to make change consisting of quarters, dimes, nickels,
and pennies. Prove that your algorithm yields an optimal solution. (Recall that
quarters are 25 cents; dimes are 10 cents; nickels are 5 cents, and pennies are 1
cent). Prove that your algorithm is correct. [15 pts]
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(b) Is your greedy algorithm always optimal for any set of coin denominations (i.e if
you get to pick which coin values are in circulation)? If yes, provide a proof. If no,
give a counter-example for showing that your greedy algorithm is not optimal for a
set of coin denominations. Your proof or counter-example should include a penny
so that there is a solution for every value of n. {10 pts] '
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