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1. Everything
For each of the following matrices, determine (yes/no) whether the matrix is:
unitary, hermitian, invertible, positive definite. (Recall A is positive definite if
it is Hermitian and all of its eigenvalues are positive real values.) Assume that

i=+/—1.
matrix unitary? hermitian? invertible? positive definite?
O-7=-2 01 True False True False True False True False
{ 9 3 0 ) = r.y = 0 x
C (1) é Tru@ False x| | True bl False — | True X False (— | True — False l)(
s f‘:‘zf (1) i True — False Qfl True ey False | True F False ) True — False K
/Lé 9 ( _12 —3 1 ) True % False@ )I‘rue — False X1 Truex; False — | True  False jy

“ For each of the following equations, mark whether the equation is True (valid
for all specified matrices A) or False. Assume that A’ denotes the transpose of
A, A’ denotes the hermitian transpose of A, and ¢ = +/—1.

For full credit, if you mark it True, you must explain how you derived this. If you
mark it False, you must give a counterexample (values for these sets for which
the equation does not hold).
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cov(X) is a covariance matrix, then its eigenvalues are real and

Explanation: N4 ,
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2. SVD
Assume that X is a real matrix, and that A is the covariance matrix cov(X), so

A = cov(X) = E‘}T (X — MY (X - M)

where M is the matrix whose columns are filled with means of corresponding
columns in X.

(a) Show that A must have an SVD of the form

Ik X-M=B A =QDQ,

where D is a diagonal matrix of nonnegative real valueg and @ is orthogonal.
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(b) Assuming again that A =Q D @', where D and @ are as in pgr )
that A is positive definite. '
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det(X) det(Y) det(Z) for square matrices X, Y, Z, give a formula for det(A)

in terms of det(D). jys [ A) _ J&(Q) Jct(D> (LJG(@)
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(d) Assuming that A = cov(X), is A Hermitian? If yes, show why; if not, give
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(e) Assuming again that A = Q D @', what is the SVD of A™!?
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3. Least Squares
Gauss became famous because he was able to fit an ellipse through the observed

positions of the asteroid Ceres using least squares. Your job here is to show how ke
obtained this fit.

Suppose you are given a table of n pairs of real (z,y) values

r |y
1| %
Tn | Yn

and you are asked to fit the line
az? + by =1
through this data, finding real coefficients a and b that minimize squared error.

(a) Express this as a linear problem. That is, give a matrix A whose entries
are functions of {z;} and {y;} for which a and b can be obtained by least

squares on A (Z) = 1, where 1 is the n x 1 vector whose entries are all 1.
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(c) Give an explicit formula for a (in terms of {z;} and {y})-
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4. PCA
Consider the following list of polyhedra and their properties:

Polyhedron Faces | Vertices | Edges
tetrahedron 4 4 6
octahedron 8 6 12
cube 6 8 12
dodecahedron | 12 20 30
icosahedron 20 12 30

With Matlab we produce following session:

> X = [
4 4 6 ;
8 6 12 ;
6 8 12 ;
12 20 30 ;
20 12 30 ;

1;
>> cov(X)
ang =

40 23 63
23 40 63
63 63 126

>> [U,8,V] = svd(cov(X))

U-
-0.4082 0.7071 -0.5774
-0.4082 ~-0.7071 -0.58774
-0.81656 -0.0000 0.5774

S =
189.0000 0 0
0 17.0000 0
0 0 0.0000

V=

-0.4082 0.7071 -0.5774

-0.4082 -0.7071 -0.5774

-0.8165 -0.0000 0.5774
>>

(a) Identify the first two principal components of the dataset X
AL el W(z)= (A3~ 0) /

L= (—-.woxz ;=085 ~.816€)
(b) Explain how to project the dataset X onto these first two components.
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(c) Suppose we want to find a linear relationship between the number of Faces,
Vertices, and Edges. That is, we want to find real values a, b, ¢ such that

Faces = a- Vertices + b-Edges + c

Explain how these equations could be solved using least squares, by convert-
ing them to matrix form and explaining what matrix operations you could
use to find a, b, and c.
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(d) The last singular value is zero; what does this mean about the valueof c? (, (/“L\ soF X
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